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Abstract

We propose two estimation procedures for dealing with missing data in neural test theory
(NTT). One is for use with the square of the Euclidian distance, and the other is for use
with the maximum likelihood (ML) method. The second procedure should be useful when
some data is missing at random (MAR) because it is based on the full-information maximum
likelihood method. In addition, the weighted and unweighted observation ratio profiles of
each item can be used to analyze the behavior of the item selection ratio through latent
ranks. We show an example of analyzing an earth science test.
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1 Introduction

Neural test theory (NTT; Shojima, 2007a, 2007b) is a statistical model, and it is useful
for analyzing test data. The latent scale assumed in NTT is rank-ordered, and examinees are
graded on the scale. The NT'T model was first developed as a remodeled one-dimensional self-
organizing map (SOM; Kohonen, 1995). That is, it was mathematical rather than statistical.
Shojima (2007¢) implemented the maximum likelihood method for estimating the latent rank
and selecting the winner node. Shojima (2007d) later proposed a statistical testing method
for examining the goodness-of-fit of NT'T models to data by using the x? statistic. Therefore,
the statistical features of the NTT model have been discussed in terms of these methods.

Missing responses are frequently observed in test data. Although missing data are often
regarded as false answers in achievement tests, it is very important to be able to destinguish
missing data from false responses, for example, when the selected items differ by subgroup
of examinees. In such a case, the correct answer ratios are unduly low if missing data are
coded as 0s. In this study, we discuss methods for dealing with missing data in neural test

models.

2 Method

In NTT, a treatment of missing data is relevant to latent rank estimation, winner node
selection, and reference vector updating. Hereafter, the treatments for the dichotomous
neural test (DNT; Shojima, 2007a) and graded neural test (GNT; Shojima, 2007b) models
are described separately. The GNT model is an NTT model for ordered polytomous data,
which reduces to the DNT model when all items are binary. Although it is difficult to give a
simultaneous explanation for the two models, the missing data treatments for these models

are basically identical.

2.1 Dichotomous neural test model

Assume that the sample size is N, the number of items is n, and the number of latent

ranks is (). The reference matrix is

V:{qu}: (an)7 (1)

UQI DR UQ’N,



where the j-th column vector in V', v; (j =1,---,n), is the item reference profile (IRP) of
item j, and the g-th row vector in V', v, (¢ =1,---,@Q), is the rank reference vector (RRV)
of latent rank R,.

Let us assume that the response data of the examinees is U = {u;;} (N x n), where
u;; is the response data of examinee ¢ for item j, and it is a dichotomous variable which is
coded 1 if the response is correct, and 0 otherwise. Assume further that Z = {z;,} is the
missing indicator matrix, where z;; is coded 1 when the response of examinee ¢ for item j is
observed, and 0 when the response is missing.

The outline of the statistical learning procedure for the DNT model is as follows:

For (t=1;t <T;t=1t+1) (2)
— U «<Randomly sort the row vectors of U. (3)
For (h=1; h < N; h=h+1) (4)
— Obtain zgf) from ug). (5)
— Select the winner for ug) by d. (6)
— Obtain V&M by updating V=1, (7)
Yy L0 oy (EN) (8)

Lines (30)-(7) make up a routine which is repeatedly applied when the value of h is from 1 to
N, and the counter t is then incremented by one. This process continues until ¢ approaches
T.

In Line (6), there are two methods of selecting the winner node for the h-th row vector
of U, ug) = {uﬁfj} (n x 1): the square of the Euclidian distance method (ED?; Shojima,
2007a) and the maximum likelihood method (ML; Shojima, 2007¢). With missing data,

these methods are reformulated as

2 . t t t,h—1
R&ED ) Dw = arg rqxélcr?lz Z}(U) (ugw) — Uéj ))2, (9)
j=1
and
t t t,h—1 t t,h—1
RML) + 4y = arg %‘Z Zf(zj){ul(w? In Uéj Y (1 Uﬁzg)) In(1 — Uéj %, (10)
j=1

where z,(fj) is a dichotomous variable which is coded 1 when uEfJ) is observed, and 0 when it is

missing. Also, v{"" = {vg’h)} (nx 1) is the RRV of latent rank R, in V"), These methods

are useful for estimating the latent ranks of the examinees after obtaining the estimate of



the reference matrix V. Let r; denote the latent rank of examinee i; it is estimated as

n

R7(,,ED2) © r; = arg min 2ij (i — f)qj)Q (11)
! q€Q “
j=1
and
Rﬁf\“) D or; = arg I;leagz Zii{ui; In0g; + (1 — wi;) In(1 — 0g5) (12)
j=1

for the ED? and the ML methods, respectively. The rank membership profiles of the ex-
aminees and the rank membership distribution (Shojima, 2007c) can be calculated from the
above equations.

Next, in (7), the method for updating the reference vectors become

For (¢=1; ¢ < Q;q=q+1) (13)

e = oY () © (u) — o0))

where © is the Hadamard product. In addition, the factor Ay, in the above equation is given
by

(R, — Rw)2
hqw(tl@ta O'tQ) = O eXp{—qQT}, (14)
where
T—t+1
(073 T A, (15)
and
o — (T —t)oy + (t — 1)00' (16)

T-1
Equation (13) means that the elements in the reference vector corresponding to the missing

data are not updated. The updating method can be used with both ED? and ML selection
methods.

2.2 Graded neural test model

The graded neural test (GNT; Shojima, 2007b) is a polytomous NTT model for analyzing
polytomously ordered data. Let us assume that the sample size is N, the number of items

is n, the number of latent ranks is (), and that the number of categories of item j is C}



(0,1,---,C; —1). Let us also suppose that the examinees with higher abilities select the

higher categories. Then, the reference matrix is

V1,11 0 Vi11,0-1 V121 0 VUin,C.-1
n
V2,11 V21,00-1 V221 *°° V2nC,-1
V=fogpd=| s (@x(>Xc-1)). an
: . : : . : o
vttt Uuei-1 Y21ttt UQm,Ch-1
where each column vector in V, v, = {vgx} (j = 1,--- ,m;k = 1,---,C; — 1), is the

boundary category reference profile (BCRP; Shojima, 2007b) of category k in item j, and
Vg 18 the selection ratio of the examinees in latent rank R, for item j’s category k or higher.

The expanded reference matrix is obtained from the reference matrix as

Piio - Pi11ci-1 P120 " Pin,Ch-1
P210 - P21,01-1 P220 " P2nCh-1 -
P=fpy= 00 T T (exXa), o)
: . : : . : =
Do 0 PLCi-1 P20 " PQnCn-1

where each column vector of P, p;, = {pgr} (j =1, ,n;k =0,---,C; — 1), is the item

category reference profile (ICRP; Shojima, 2007b), and each pgj is computed as

Pajk = Ugjk — Vgik+1  (K=0,1,---,C; — 1), (19)
provided that
Vgjo = 1, (20)
and
vgic; = 0. (21)
Next, let X = {x;;|z;; € {0,1,---,C;}} denote the response data of the examinees,

where z;; is the response of examinee ¢ to item j. The variables Z, U and Y required in

the statistical learning process are generated from X as follows:

zi ={z;} (nx1), (22)

2y = 1 if oy is‘ observed (23)
0 otherwise

w; = {wiji} = [Uing Wiz Uin,ci—1 Wi Uin,Co1) {Z(C’j —1) x 1} (24)

J=1

1 ifz;; >k
Uijk = ! x]_. (k:].,"',Oj—].), (25)
0 otherwise



Y; = {Vijk} = [Yin0 Yirn Viroi—1 Y20 Yin o1l <Z C; x 1) (26)
=1

N k=0,---,C; —1 27
Yigk {O otherwise ( T ) 27)
where z;; is the missing indicator as in the previous section, w;;; is a dichotomous variable
which is coded 1 when the response of examinee i for item j is k or higher, and 0 otherwise,
and y;;, is also a dichotomous variable coded 1 if the response is k, and 0 otherwise. The

outline of the statistical learning for the GNT model is as follows:

For (t=1;t<T;t=t+1) (28)
— X® <Randomly sort the row vectors of X. (29)
For (h=1; h < N; h=h+ 1) (30)

— Obtain zé), ué , and y ) from azg) (31)

— Select the winner node. (32)

— Obtain V" by updating V=1, (33)

— Obtain P"M from VM), (34)

- V(tJrl,O) ~ V(t7N). (35)
- P(t+1,0) «— P(t’N). (36)

In (32), the winner node can be selected by using the ED? method or the ML method.
That is,

2 ()Zk 1 ‘(u Ezt)k U(tyl?_l))
(ED?) . . t J qj
R, Dw = argmln g 2h; 0, —1 ) (37)
and
t,h—1)
RML) . w—argrgleaéx E Z;U E yhgklnv((;jk : (38)
=1

These methods are also useful for estimating the latent ranks of the examinees after obtaining
the estimate of the reference matrix V' and the expanded reference matrix P. Assume that

the latent rank of examinee 7 is r;; r; is estimated as

(39)



and

ML) . .. _ .
Rﬁi ). = arg I;leagz Zij Z Yijk 1IN Dy (40)
7j=1 k=1
under the ED? and the ML methods, respectively.
Next, in (33), the rank reference vectors (RRVs), vs (not ps), should be updated to
numerically approach the input data, us (not ys), as the supervising signals of the RRVs.
That is,

For (¢=1;¢<Q;q=q+1) (41)
o vét,h) _ Uét,h—l) + hqw(t){g,(f) o (uﬁf) . ,U((lt,h—l))}7

where the factor hg,(t) in the above equation is identical to that in (14), and

o = 1, {300 -0 <) )

j=1
2.3 Observation ratio profile

The observation ratio profile (ORP) is useful for examining the behavior of the selection-
missing response ratio of each item. Two kinds of ORPs are possible: weighted and un-
weighted ORPs. That is,

zwj = {zwg} (@ x 1), (43)
_ Dim1 ZijPig (44)

AWqj = N )
> im1 Pig

and

zuj = {zvg} (@ x 1), (45)
N
i=1 %ijJi
e = M, (46)
Zz‘:l f iq
where p;, is the rank membership profile (RMP; Shojima, 2007¢c) of examinee i to rank R,
and fi, is a dichotomous variable that is coded 1 when examinee ¢ belongs to rank R,, and

coded 0 otherwise.
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Figure 1: ICRPs and Weighted Observation Ratio Profiles

3 Analysis

An earth science test was analyzed using the proposed method. The sample size of the
test was 3,810, the number of items was 15, and the number of categories of each item was
4(=0,1,2,3). Therefore, the test data was analyzed under the GNT model. Each examinee

was required to answer Items 1-3, and selected two item sets from the four sets: Items 4-
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Figure 2: ICRPs and Unweighted Observation Ratio Profiles

6, 7-9, 10-12, and 13-15. Accordingly, the responses of nine items were observed for each
examinee, and those for the other six items were missing.

In addition, the ML method was used for the latent rank estimation and the winner
node selection. The parameters @), T, oy, o1, and oy were set to 10, 500, 0.1, 10, and 1.0,

respectively.



Figure 1 shows the item category reference profiles (ICRPs) of the 15 items, and the
dashed line in each panel stands for the weighted observation ratio profile (WORP) of the
item. Figure 2 also plots the ICRPs and the unweighted ORPs (UORPs) with solid and
dashed lines, respectively.

The WORP and the UORP are useful for monitoring the transition of the response
ratio for each item through latent ranks. In the test, the WORPs and the UORPs were
obtained to be identical within each item set. In addition, the figures indicate that Items 4-6
were inclined to be selected by the examinees with higher abilities, whereas Items 7-9 were
preferred by the examinees with lower abilities. Furthermore, the shapes of the WORPs
were smoother than those of the UORPs. The WORPs can be said to show the features of
the population, while the UORPs show those of the sample.

4 Discussion

This study described two methods of dealing with missing data in NT'T: one for use
with the square of the Euclidian distance and the other for use with the maximum likelhood
(ML) method. In addition, it showed that the weighted and the unweighted observation ratio
profiles are effective means for analysts and test administrators to examine the transition of
the item response ratio through latent ranks.

In fact, the ML method described in this study is based on the concept of the full-
information maximum liklihood method (FIML; e.g., Finkbeiner, 1979; Muthén, Kaplan &
Hollis, 1987; Bock, Gibbons & Muraki, 1994; Muraki & Carlson, 1995; Arbuckle, 1996).
Accordingly, it may have features derived from the FIML method. For example, it might
be useful when the missing data mechanism is MAR (missing at random; Rubin, 1976;
Little & Rubin, 1987). Further researches or simulation studies are required to clarify the
characteristics of the proposed method.

In the analysis of test data, we should not confuse missing data with false answers if
we are to accurately estimate statistical features such as the item difficulty. The response-
missing ratio is also an important statistical feature of individual items because the ratio

sometimes shows the preference of the examinees for selective items.
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